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A BOUND FOR THE ERROR TERM IN THE
BRENT-MCMILLAN ALGORITHM

RICHARD P. BRENT AND FREDRIK JOHANSSON

ABSTRACT. The Brent-McMillan algorithm B3 (1980), when implemented with
binary splitting, is the fastest known algorithm for high-precision computation
of Euler’s constant. However, no rigorous error bound for the algorithm has
ever been published. We provide such a bound and justify the empirical ob-
servations of Brent and McMillan. We also give bounds on the error in the
asymptotic expansions of functions related to the Bessel functions Ip(z) and
Ko(z) for positive real .

1. INTRODUCTION

Brent and McMillan [3] 5] observed that Euler’s constant

)

v = lim (H, —In(n)) ~ 0.5772156649, H, =
k=1

n—oo

el

can be computed rapidly to high accuracy using the formula

So(2n) — Ko(2n)
Io(2n)

(1.1) v = —In(n);
where n > 0 is a free parameter (understood to be an integer), Ko(x) and Io(x)
denote the usual Bessel functions, and
N 2k
()

So(x) = Z
k=0

The idea is to choose n optimally so that an asymptotic series can be used to

compute Ky(2n), while Sp(2n) and Iy(2n) are computed using Taylor series.
When all series are evaluated using the binary splitting technique (see [4, §4.9]),

the first d digits of 7 can be computed in essentially optimal time O(d'*¢). This

approach has been used for all recent record calculations of «, including the current

world record of 29,844,489,545 digits set by A. Yee and R. Chan in 2009 [9].
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Brent and McMillan gave three algorithms (B1, B2 and B3) to compute v
via (L.1). The most efficient, B3, approximates Ky(2n) using the asymptotic ex-
pansion

m/2—1 3
(1.2) 2alo(x)Ko(z) = Z % +Tn(x), by= m7

k=0

where one should take m =~ 4n. The expansion appears as formula 9.7.5 in
Abramowitz and Stegun [I], and 10.40.6 in the Digital Library of Mathematical
Functions [7]. Unfortunately, neither work gives a proof or reference, and no bound
for the error term T,,(z) is provided. Brent and McMillan observed empirically
that Ty, (2n) = O(e~*"), which would give a final error of O(e=%") for v, but left
this as a conjecture.

Brent [2] recently noted that the error term can be bounded rigorously, starting
from the individual asymptotic expansions of Iy(z) and Ky(x). However, he did
not present an explicit bound at that time. In this paper, we calculate an explicit
error bound, allowing the fastest version of the Brent-McMillan algorithm (B3) to
be used for provably correct evaluation of ~.

To bound the error in the Brent-McMillan algorithm we must bound the errors
in evaluating the transcendental functions Io(2n), Ko(2n) and Sp(2n) occurring
in (we ignore the error in evaluating In(n) since this is well-understood).

The most difficult task is to bound the error associated with Ky(2n). For
reasons of efficiency, the algorithm approximates In(2n)Ko(2n) using the asymp-
totic expansion (1.2)), and then the term Ko(2n)/Io(2n) in is computed from
I()(2’I’L)K0(2n)/[()(2n)2

Sections 2H3l contain bounds on the size of various error terms that are needed
for the main result. For example, Lemma bounds the error in the asymptotic
expansion for Iy(z), which is nontrivial as the terms do not have alternating signs.

The asymptotic expansion ([1.2) can be obtained formally by multiplying the
asymptotic expansions (see |i below) for Ky and Iy. To obtain m terms
in the asymptotic expansion, we multiply the polynomials P, (—1/z) and P,,(1/z2)
occurring in (2.1)—-(2.2), then discard half the terms (here z = 1/ is small when
x =2 2n is large, so we discard the terms involving high powers of z). To bound the
error, we show in Lemma [3.1] that the discarded terms are sufficiently small, and
also take into account the error terms R, and @, in the asymptotic expansions
for Ky and Ij.

The main result, Theorem is given in Section [l Provided the parameter N
(the number of terms used to approximate Sy(2n) and Ip(2n)) is sufficiently large,
the error is bounded by 24e~%". Corollary shows that it is sufficient to take
N ~ 4.971n.

2. BOUNDS FOR THE INDIVIDUAL BESSEL FUNCTIONS

Asymptotic expansions for Ip(z) and Ky(x) are given by Olver [8, pp. 266—269]
and can be found in [7, §10.40]. They can be written as

™

(2.1) Ko(z) = e® (7)1/2 (P(~2) + Ry (2))
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and
ez
(2.2) Io(z) = (@) 2 (P () + Qm (),
where R, (z) and Q,,(z) denote error terms,
m—1 2
_ —k _ 1@R)]]
(2.3) P (z) = Z apz”", and ap = W
k=0
Forn > 1,
(2.4) V2rn 1 2emm < pl < en 2
so the coefficients ay, in (2.3) satisfy
e 1 (kN 1 (k)
25) akSwWQMMN2<%> <kU2(%>
for k > 1 (the first term is ag = 1).
For = > 0, we also have the global bounds
1/2
(2.6) 0 < Ko(z) < e™® (%)
and
e‘T
2.7 1 > ——
(2.7) o(z) (2mz)1/2
Observe that the bound on Ky(x) and equation (2.1)) imply that
(2.8) | P (—x) + R ()| < 1.
For x > 0, the series (2.1]) for Ky(z) is alternating, and the remainder satisfies
a 1 m\™ 1
2. (o) <&« (7) —.
(29) Rn(a)] < 22 < o (0"

The series (2.2) for Ip(z) is not alternating. The following lemma bounds the
error Q, ().

Lemma 2.1. Let Q,,(x) be defined by (2.2). Then for m > 1 and real x > 2 we
have

Qu@) <4 (5=)" +e.

Proof. The identity Io(z) = i(Ko(ze™) — Ko(z))/m (see [T, 10.34.5]) gives
i (2mm)Y/?
() = Ry (ze™) — — 222
Qu(x) = Rop(we™) - L ET2
According to Olver [8] p. 269],

Ko((E)

m

| R (ze™)] < 2x(m) exp(%ww‘l)amx_ ,
where
x(m) = W1/2M < Tt
T(m/2+1/2) = 2
(the bound on y(m) follows as x(m)/m'/? is monotonic decreasing for m > 1).
Since x > 2, applying (2.5 gives

| Ry (ze™)| < me™/16 (%)m L <4 <£>m .

x’m
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Combined with the global bound (2.6) for Ky(x), we obtain

) 1 (272)/2 m
(2.10) Qu(2)] < | R (we™)| + ;%Ko(x) <4 (%) e 2

Corollary 2.2. For x > 2, we have 0 < Iy(z)Ko(z) < 1/x.

Proof. The first inequality is obvious, since both Iy(x) and Ky(x) are positive.

Also, using (2.2)) and (2.10) with m = 1 gives

61

-1, —4
Io(if) S (27T$)1/2(1+e +e )7
so from (2.6)) we have
l+et+e™® 1
Iy(z) K < < —
o(z)Ko(z) < o .
O
Lemma 2.3. If R,,,(z) and Qu(x) are defined by (2.1) and (2.2)) respectively, then
—4n
(2.11) IRun(20)] < —— and |Qun(2n)| < 547,
onl/2
Proof. Taking x = 2n and m = 4n, the inequality (2.9)) gives the first inequality,
and Lemma [2.1f gives the second inequality. ]

We also need the following lemma.

Lemma 2.4. If P,,(z) is defined by (2.3)), then

(2.12) | Py (2n)| < 2 and |Py,(—2n)| < 1.
Proof. Using (12.3)) and (2.5)), we have
4n—1

Pi(2n)=1+ Y (;f)k
k=1

4n—1 k k

<14y kT2 <>
— 4den
4dn—1

€
1+Ze"“<6_1<2.
k=1

The right inequality in (2.12]) can be proved in a similar manner, taking the sign
alternations into account. g

IN

3. BOUNDS FOR THE PRODUCT

We wish to bound the error term T, (x) in (1.2) when evaluated at z = 2n,
m = 4n. The result is given by the following lemma.

Lemma 3.1. If T,,, () is defined by (1.2), then Ty, (2n) < Te=4".
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Proof. In terms of the expansions for Iy(z) and Ko(z), we have
2zlo(2)Ko(x) = (P (=) + By (2)) (P (2) + @ (2))
(3.1) = P (2) P (—2) + [(Pr(—2) + Rin(2)) Q@ (2) + P () Rin ()] -
It follows from (2.8), and that the expression [+ - -] in (3.I]), evaluated

at x = 2n, m = 4n, is bounded in absolute value by
(3.2) Se 4 e ipt/2 < gein,

Next, we rewrite

P (2) P (—2) = (—=1)'a;a;z~ 0+
i=0 j=0
as L + U, where
m—1 k ]
(3.3) L= Z(fl)Jajak_j z*
k=0 \j=0
and
2m—2 m—1

(3.4) U= Z Z (—ajap_; | 27"

The “lower” sum L is precisely 2?2/371 bpx~2k. Replacing k by 2k in (3.3)) (as the
odd terms vanish by symmetry), we have to prove

(3.5) f: (~1)9 [Pk — 212 [(2k)1P

P2k — P32 (k)i

Jj=0
This can be done algorithmically using the creative telescoping approach of Wilf

and Zeilberger. For example, the implementation in the Mathematica package
HolonomicFunctions by Koutschan [6] can be used. The command

a = ((2)H1N"2 / (373 327j);
CreativeTelescoping[(-1)"j a (a /. j -> 2k-j),
{s[j1-1}, slkl]

outputs the recurrence equation
(8 + 8k)bry1 — (14 6k + 12k% + 8k*) b, = 0

matching the right-hand side of , together with a telescoping certificate. Since
the summand in vanishes for j < 0 and j > 2k, no boundary conditions enter
into the telescoping relation, and checking the initial value (k = 0) suffices to prove
the identityE|

It remains to bound the “upper” sum U given by . The coefficients of
U=32""2cpa™% can be written as

2m—k—1
L = Z (—1)]+k+mak,m+jam,j.

Jj=1

1Curiously, the built-in Sum function in Mathematica 9.0.1 computes a closed form for the sum
(3-5), but returns an answer that is wrong by a factor 2 if the factor [(4k — 25)!]? in the summand
is input as [(2(2k — 7))1]2.



6 RICHARD P. BRENT AND FREDRIK JOHANSSON

By symmetry, this sum is zero when £ is odd, so we only need to consider the case
of k even. We first note that, if 1 <14 < j, then a;a; > a;41a;—1. This can be seen
by observing that the ratio satisfies
a;a; - (Z + 1)(2_] — 1)2
appraj— ji+1)2 7
Thus, after adding the duplicated terms, c; can be written as an alternating sum
in which the terms decrease in magnitude, e.g. for m = 10 we have

ci0 = —2aia9 + 2a0ag — 2azar + 2a4a6 — asas,
c12 = —2asag + 2a4a8 — 2asa7 + asas,

c14 = —2asag + 2agas — azar,

16 = —2arag + asas,

C1g = —agag.

Hence |cg| is bounded by 2a14+k—mGm—1, giving

2m—2 2m—2
Ck 201 4 k—mGm—1
DS Dt =T
X X
k=m k=m

Evaluating at * = 2n, m = 4n as usual, the term ratio
teyr (34 2k —8n)?
tr 16n(2 + k — 4n)
is bounded by 1 when 4n < k < 8n — 2. Therefore, using 7

2m—2
Ll
k=m
Adding (3.2) and (3.6), we find that |Ty, (2n)| < Te=*". O

4. A COMPLETE ERROR BOUND

We are now equipped to justify Algorithm B3. The algorithm computes an ap-
proximation 7 to 7. Theorem [4.1|bounds the error [y—~| in the algorithm, excluding
rounding errors and any error in the evaluation of Inn. The finite sums S and [
approximate Sy(2n) and Iy(2n) respectively, while T' approximates Io(2n)Ko(2n).

Theorem 4.1. Given an integer n > 1, let N > 4n be an integer such that

2n2NHN
(41) W < €9,
where
(4 2) e—6n
. En = .
07 (4mn)'2(1 + Hy)
Let
¢ N-—-1 H 2%k N—-1 2k 2n—1 k Nk
- nz ot nz’ - 1\4]2k 2%
pors (k) pars (k) dn =~ (k!)482F(2n)
and
.S T
Y= 7 — ﬁ —Inn
Then

(4.3) 7§ — ] < 24e78".
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Proof. Let
e Hkn%
g1 = 80(271) -5 = Z (/{')2 ’
k=N ’
> 2k
g2 =1Io(2n) — I =Y E
k=N V"

Inspection of the term ratios for k£ > N shows that £, and g5 are bounded by the
left side of (4.1). Using (2.7) to bound 1/1y(2n), it follows that

‘S+€1 S‘

o 81[—625
I+e I

B (I+€2)I
< go(I+ 9)
T [ +e)l

== () (1)

e—6n 47T7’L 1/2
1+H
(47771)1/2 (1+ Hy) ( ) + Hy)

—8n

=€

We have T+ &3 = Io(2n)Ko(2n) where, from Lemma [3.1] |e3| < 7e~*"/(4n). Thus,
from Corollary 2:2]
—4n
r< 4+

< 1
2n 4an n
Therefore, using (2.7)) again,

T+€3 _ z o 6312 —T52(2I+62)
(I+e)? I? (I +¢e9)212
|€3| A (2[+€2)
= (I +e0)? 2 + e)212
|es]
T
= To@n) T T2
< Tme 8" 4787
< 23e%".
Thus, the total error [¥ — | is bounded by e =87 + 23e 78" = 2487, O

Remark 4.2. We did not try to obtain the best possible constant in (4.3). A more
detailed analysis shows that we can reduce the constant 24 by a factor greater than
two if n is large. See also Remark [£.5]

Since the condition on N in Theorem is rather complicated, we give the
following corollary.

Corollary 4.3. Let a ~ 4.970625759544 be the unique positive real solution of
allnae —1) = 3. Ifn > 138 and N > an are integers, then the conclusion of
Theorem [A1] holds.
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Proof. For 138 < n < 214 we can verify by direct computation that conditions (4.1])—
of Theorem hold. Hence, in the following we assume that n > 215. Since
N > an, this implies that N > [215a] = 1069.

Let 8 = N/n. Then 8 > «, so f(Inf — 1) > 3. Thus 2n(Blng — 3 —3) > 0.
Taking exponentials and using 3 = N/n, we obtain

(44) N2N 2 62N+6nn2N.

Define the real analytic function h(x) := Inz + v + 1/(2z). The upper bound
Hy < h(N) follows from the Euler-Maclaurin expansion
1 = Bok o
Hy —In(N) -y~ — — —N
v = I(N) =7~ 5y 2%k ’
k=1
since the terms on the right-hand-side alternate in sign.
Using our assumption that N > 1069, it is easy to verify that

(4.5) vraN > 2h(N)(h(N) + 1).
Since 8 > a, it follows from that
(4.6) V7N > 2h(N)(h(N) + 1).

Substituting 8 = N/n in , it follows that
N > 2h(N)(h(N) + 1)(7n)"/2.
Using (4.4), this gives
(4.7) TN S 92N (N)(h(N) 4 1)(zn) /22N F6m,

From the first inequality of (2.4) we have (N!)? > 2xN2N+1e=2N_ Using this
and h(N) > Hy, we see that (4.7) implies

(4.8) (ND2 > 4n*N Hy (1 + Hy)(mn)t/2e.

However, it is easy to see that (4.8) is equivalent to conditions (4.1)—(4.2)) of The-
orem [4.1] Hence, the conclusion of Theorem [£.1] holds. O

Remark 4.4. If 0 < n < 138 then Corollary [£.3] does not apply, but a numerical
computation shows that it is always sufficient to take N > an + 1.

Remark 4.5. As illustrated in Table [I} the bound in (4.3) is close to optimal for
large n. Our bound 24e~8" overestimates the true error, but by a factor which is
inconsequential for high-precision computation of ~.

n ‘ N ‘ 7 — 9] ‘ 24e=8n
10 50 | 7.68-107%% | 4.34.107%
100 | 498 |5.32-1073% | 8.81-1073
1000 | 4971 | 1.96-1073476 | 1,06 - 1073473
10000 | 49706 | 2.85 - 10734746 | 6.64 - 10734743
TABLE 1. The error [j — 7| compared to the bound (4.3).
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